Kincoppal-Rose Bay, School of the Sacred Heart
Mathematics Extension 1/Extension 2 Common Internal Examination, 2005

Total marks— 84
Attempt Questions1 -7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question1 (12 marks) Marks
4
€) Solve —>1 3
x+1

3

(b)  Evaluate J o 2
0 V99— X
(©) Let A be the point (-2, 1) and B be the point (5, 2). 2
Find the coordinates of the point P which divides AB externaly in the ratio 5:4

(d)  Indicate on a number plane the region satisfied by both x* + y* <landy > x 2
3

(e Use the substitution u? = x—2 to evaluateJr X/ X — 2 dx 3
2
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Question 2 (12marks)  Usea SEPARATE writing booklet. Marks
(@  Thepolynomial equation 2x°>—3x*+4x—7 =0 hasroots «, Sandy. 3
Find the exact value of i+i+i.
ofp oy Py
(b)  Find 9 cost (4x°) 2
dx '
(©) B 2
C
X
T
A 6

Theline AT isthe tangent to the circle at A, and BT is a secant meeting the
circleat B and C.

Given that AT = 6, BC = 4 and CT = X, find the exact value of x.

(d) Use the t-method to solve 5sin x—2cosx =2, where 0° < x < 360° 3

(e A debating team of three people is to be chosen from five English teachers and
four Mathematics teachers.

M) In how many ways can the team be chosen? 1

(i) What is the probability that that the whole of the team will be 1
M athematics teachers?
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Question 3  (12marks)  Usea SEPARATE writing booklet. Marks
(@  Find Jcos2 6xdx 2

(b) Let P(x)= 3x* —ax® —bx+1, where P(x) isapolynomia and a and b arereal numbers. 3

When P(x) isdivided by (x — 1) there is no remainder.
When P(X) is divided by (x + 2) the remainder is 15.

Find the values of a and b.

(©) Two parallel lines have equations x—my+1=0 and x—my-1=0

() Show that (O%) lieson x—my+1=0. 1
(i) Find m given that the perpendicular distance between thelinesis 1 unit. 2
(d)
A B
2000 m
D C
E
A planeisflying horizontally from A to B at a height of 2000m. 4
From a point E the angle of elevation of Ais 15°.
From E the angle of elevation of B is 25°.
If «DEC =60°, calculate the distance AB to the nearest metre.
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Question4  (12marks)  Usea SEPARATE writing booklet. Marks
@ Use mathematical induction to prove that 3
1 1 1 n

—— ..+ =
1x5 5x9 (4n-3)(4n+1) 4n+1

(o)  Thepoint P(2ap,ap®) lieson the parabola X* = 4ay .
()  Provethat thetangent at P cutsthey-axisat T(0,—ap?). 2
(i) M is the midpoint of theinterval PT. 2

Find the locus of M.

(©) Maddison is one of ten members of the chess club. Each week one member is selected
at random to win aprize.

(1) What is the probability that in the first 7 weeks Maddison will win at least 1
1 prize?

(i) Show that in the first 20 weeks, Maddison has a greater chance of winning 2
exactly two prizes, than of winning exactly one prize.

(iii)  For how many weeks must Maddison participate in the prize drawing so that 2
she has agreater chance of winning exactly 3 prizes than of winning exactly
2 prizes.
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Question5 (12marks)  Usea SEPARATE writing booklet. Marks

8
€) (i) Evaluate f §dx , Write your answer in the form alog2, where ais an integer 2
2 X

8
(i) Use Simpson’s Rule with 3 function values to find an approximation for J §dx 2
2 X

(iii)  Hencefind an approximation for log 2, correct to 3 decimal places. 1
(b) The diagram below shows a sketch of the graph y = f (x), where f(x)= 1 1 T
+ X
for x>0.
y
| 0‘5 i 1?5 é X
0.5;
() Copy or trace this diagram into your answers. 1
On the same set of axes, sketch the inverse function, y= f (x).
(i)  Statethedomainof f*(x). 1
(iii)  Find an expression for f™(x)in terms of x. 2
(iv) Thegraphsof y= f(x)and y= f '(x) meet at exactly one point P. 1
Let o be the x-coordinate of P. Explain why «isaroot of the equation
x*+x-1=0.
(V) Take 0.5 as afirst approximation to . Use one application of Newton’'s 2

method to find a second approximation for c.
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Question 6 (12marks)  Use a SEPARATE writing booklet. Marks

@ A

B NOT TO
SCALE

C
D

The points A, B, C and D are placed on acircle of radiusr such that AC and BD meet at E.
Thelines AB and DC are produced to meet at F, and BECF is acyclic quadrilateral.

Copy or trace this diagram into your answer booklet.

(1) Find the size of ZDBF, giving reasons for your answer.

(i) Find an expression for the length of AD intermsof r.

(b)  Intheexpansion of (1+ax)’ the coefficient of X° istwice the coefficient of x°.
Find the value of the constant a.

(©) A dieisbiased so that in any single throw the probability of an odd scoreisp,

where pisaconstant suchthat 0< p<1, p;t%.

(1) Show that in six throws of the die the probability of at most one even score
isgiven by 6p°>—5p°.

(i) Find the probability that in six throws of the die the product of the scoresis even.
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Question 7 (12marks)  Usea SEPARATE writing booklet. Marks

1.5+

-0.5+

@ P isapoint on the curve y:e"‘2 . Theoriginisat O and perpendiculars through P 5
to the coordinate axes meet those axes at Q and R. Show that the maximum area
o 1
of therectangle OQPRisgivenby —.
gle OQ g y N
() ()  Show that sjnx+cosx=ﬁsin(x+%j. 2
(i)  Provethat the derivative of y=e"sinxisgiven by %:x/ﬁexsin[x+%) 2
X
(iii) If y=¢"sinxprove by mathematical induction that the n" derivativeis 3
: d"y no. nz
ivenby —=(+/2) €sin| x+— |.
gty (2] et 0
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HSC Extension 1 M athematics I nternal Examination Solutions 2005

Question Criteria Marks Bands
1@ A >ixz-, 1
X+1
L2 —1
X+1 1
-1<x<3
Question Criteria Marks Bands
1(b) f dx :[gn—lf}s 1
0 V9—X? 3l
_r 1
2
Question Criteria Marks Bands
1(c) (-2,1) (5,2).5:-4
X:kx2+lx1' :ky2+ly1
K+ K+
X_5><5+—4><—2 _ 5X2+-4x1 1
5+-4 5+-4
x=33,y=6— P(33,6) 1
Question Criteria Marks Bands
1(d) 1
1 for correct graphs 1
/ 1 for correct shading
Question Criteria Marks Bands
1(e) :
Jr X/X—2dx X—2=U*— Xx=U"+2— dx=2udu 1
2
u’=3-2—-u=4u’=2-2->u,=0
3 1 1
J Xﬂ/x_zdxzjo(u2+2)x/u_22udu
2
Vo w20 26
ZJ' (W +2u?)du=2| —+— | ==
0 5 3| 15 1
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Question Criteria Marks Bands
2(a) 2% —3x*+4x-7=0
a+ﬁ+7:g,aﬁ+a7+ﬁ7:2,aﬁ}/:% 1
i+i+i:—7+ﬂ+a 1
of ay PBr  ofy
_3.7._3
2 2 7 1
Question Criteria Marks Bands
2(b _
(b) iCos‘1(4x3)= NI _ 1
dx 1_( 4x3)2 one mark if only
the denominator is
12 correct
= 1
J1-16x°
Question Criteria Marks Bands
2(c) X(x+ 4) = 6°(product of secants = square of the tangent)
x? +4x =36 1
(x+2)* =40
X=—-2+ 2410 1
Question Criteria Marks Bands
2(d 2
@ 5sinx—2cosx =2 — 5x 2'(2—2><1 t2:2 1
1+t 1+t
10t — 2+ 2t% = 2+ 2t°
10t:4—>t:0.4+tang:0.4
X ,
= =21°48,x=43°36 1
2
check 180°% 5sin 180° — 2 cos180°=2v
X =43°36',180° 1
Question Criteria Marks Bands
2(e)(i) °c,=84 1
2(e)(ii) E_i_i 1
°c, 8 21
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Question Criteria Marks Bands
33 cos’ X = %(cos2x+1) — cos’ 6X = %(c0512x+1) !
1 snl2x x
= | =(cosl2x+1)dx= +—+C 1
Jcosz6xdx JZ( ) TR
3(b) P(x)=3x*-ax* —bx+1
1
P(1)=0—3-a-b+1=0—a+b=4
P(-2)=15—-24-4a-2b+1=15—-2a+b=19 1
—2a+b=19
at+b=4
a=-5b=9 1
3(c)(i) X—-my+1=0
0—m(ij+1=0,(o,lj
m m
0=0v] 1
3(c)(ii
(c)(ii) x—my—1=o,(o,ij
m
+by, +¢
P-d-=MX—my—1=O,(0,ij
vaZ+b? m
0-1-
p_d_:u 1
1+ (-m)?
2
- —15m=+/3 )
1+ny
3(d) A B D C 1
159 25
D EC E 609
. DE . CE E
tan75°=——  tan65 =>000 now DC=AB 1
DE = 2000tan 75° CE = 2000tan 65°
DC? =(2000tan 65°)° +(2000tan 75°)” L
—2x 2000tan 65°x 2000tan 75° cos60°
DC = 6488m (nearest metre) 1
(1 mark for diagrams, 1 for relationships for DE and CE)
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Question Criteria Marks Bands
4(a) 1 1 1 n
—— ...+ =
1x5 5x9 (4n-3)(4n+1) 4n+1
Testn =1: LHszi:l RHS = L :E
Ix5 5 4x1+1 5 1
truefor n=1
Suppose itstrue for some value of n, say k.
1 1 1 k
—— ...+ =
1x5 5x9 (4k-3)(4k+1) 4k+1
Provetrueforn=k+ 1;
RTP:
1 1 1 1 k+1
—— ...+ + =
1x5 5x9 (4k—3)(4k+1) (4k+1)(4k+5) 4k+5
LHS= K + L
4k+1 (4k+1)(4k+5)
_ k(4k+5+1 1
(4k+1)(4k +5)
_ AC+5k+1  (4k+D)(k+1)
(4k+1(4k+5) (4k+1)(4k+5)
_ k+1 1
4k +5
Proved by induction
4(b)(i) ) X2 dy 2x
X* =d4ay — y=-———=="—(2ap,ap’
Y y4a dx 4a( pap) 1
2% 2
m= 4aap= p— y-ap®= p(x-2a) - y= px—ap’
cutsthe y-axiswhen x = 0— y =—ap” —» T =(0,—ap’) 1
4(b)(ii) 2ap+0 —ap’+ap’
M = | £2P ’ ap +ap =(ap,0) 1
2 2
Thelocusof Misy = 0. 1
4(c)(i) P(at least one) = 1 — P(none)
7 1
P(at least one):l—(l—go) =0.52 (2dp)
4(c)(ii) 20 B
P(2wins) = *C, (2" (1] =0.285(3dp) .
. 19 , 1
PAwin)*C, (2] (1] =0.270(3dp) .
- P(2wins) > P(1win)
4(c) (il) | n=30
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Question Criteria Marks Bands
5@)(i) ’8 g
j ;dx:S[Inx]2 1
2
=8(In8-In2)
=8In4=8In2?
—~16In2 1
5(a)(ii 8 - 1
@) J §dng(f(2)+4f(5)+ f(8))
2 X 6
=4+4x1.6+1
=114 1
S 16|n216|n2z11.4—>|n2z%=o.7125 1
S5(b)(i) ;
4 1
5O | x<1 | 1
S(O) (i) y:1 5 To find the inverse function swap x and y.
+X
1 1
X=
1+y°
1+y3:1
X
Y =21
X
y:31—X 1
V x
5(b)(iv) A function and itsinverse intersect on theliney = x
-=x—>1=x+x" > x*+x-1=0 !
1+ X
S(b)(v) f()=x"+x-1 ' (X)=4x+1—> f(1)=5%£— f'(3)=2 1
ot 1 () 1 % 19
“TRTE) 2 () 2 @ 24 1
Examiner MN 12

05/05/05




Kincoppal-Rose Bay, School of the Sacred Heart
Mathematics Extension 1/Extension 2 Common Internal Examination, 2005

Question Criteria Marks Bands
6(a) A
B
E
N C
Let /DBF = x — ZECF =180° - x(EBFCiscyclic).
ZECD = x(straight angle)
ZABD = x(subtended by arc AD) 1
but ZEBF + ZABD =180° — 2x =180° — x=90° 1
6(a)(ii) From (i) £DBF =90° — £ABD = 90° (straight angle)
Thismeansthat £ ABD isthe angle in asemi-circle. 1
So AD isadiameter — length of AD = 2r. 1
6(b) The coefficient of x° = °C.a° =126a° 1
The coefficient of x° = °C,a° =84a° 1
126a° = 2x84a° 1
3
a= Z 1
6(c)(i) P(at most one even) = P(none even) + P(one even)
=p°+°C,p°(L-p) 1
— p6 + 6 p5 _ 6 p6
=6p°-5p° 1
6(c)(ii) For the product to be odd — all scores would be odd. 1
P(all odd) = p® — P(even product) = 1— p° 1
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Question Criteria Marks Bands
7
A= xxe™*
2 2 1
A=e"1+x-2xe”*
—e* (1-2%2
e (1-2¢) | )
Maximum area occurs when A =0 ;
e (1-2x*)=0
e* =0, 1-2x2=0
. 1, . . 1
nosolution X= ﬁ (since Pisin the 1st quadrant)
X [0]1N2]1
Al+|0 - 1
AN
So thisis a maximum area.
1 2
A:ie_[ﬁ]
J2
13 11 1
J2 J2ie 2e 1
7(b)(i) sinx+cosx= Asin(x+«)
SiN X+ cosxX = ASin Xcoso + Acosxsin o
Acosa =1 Asna=1— Asna :1+tanaz:1a05:Z 1
AcCoso 4
A:\/12+12:\/§—>sinx+cosx=ﬁsin(x+%j. 1
7(b)(ii) y=€sinx— y =sinxe" +€".cosx = €" (Cosx+sinx) 1
butsinx+cosx:x/§sin(x+%)
y':exﬁsin[x+%j=ﬁexsin[x+%j 1
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7)) 1P &Y () o i %

dx"
whenn =1
Z:(')*/ :(\/E)n exsin[x+¥j e%:(\/ﬁ)lexsin(x+%j

true from (ii)
suppose it istrue for some value of n say k.

d“y kK . kr
W:(\/E) e SIH(X%—TJ.
Proveitistrueforn=k+ 1

k+1 " k 1
RTPu:(\/E)k 1exsin[x+%j.

dxk+1

k+1 k
dy_ddy —i(\/i)k exsin(x+k7”j.

dx“t  dx dx*  dx

- (\/E)k (Sin(xJ%)ex +e cos(x+k7”jj

(\/E)k ex[sin(x+k7”j+cos(x+k%jj

k . kr @ :
(\/2) e \/Zsm(x+7+zj from(i)
(,/2)k+1exsin(x+wj

4

proved by induction.
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